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We present a magnetically enhanced laser cooling scheme applicable to multi-level type-II transitions and
further diatomic molecules with adiabatic transfer. An angled magnetic field is introduced to not only remix
the dark states, but also decompose the multi-level system into several two-level sub-systems in time-ordering,
hence allowing multiple photon momentum transfer. For complex multi-level diatomic molecules, although
the enhancement gets weakened, our simulations still predict a ∼ 4× larger value of the maximum achievable
cooling force and a wider coolable velocity range compared to the conventional Doppler cooling. A reduced
dependence on spontaneous emission of this scheme makes laser cooling a molecule with leakage channels
become a feasibility.
I. INTRODUCTION
Allowing precise manipulation and fast preparation of cold
atomic samples [1–3], laser cooling has revolutionized the de-
velopment of atomic, molecular, optical and quantum physics
during last several decades [4–8]. Conventional Doppler cool-
ing only requires a cooling laser with one single frequency,
typically red-detuned. It is good enough for almost all atomic
species. But for some special cases, lots of multi-frequency
cooling schemes [9], including adiabatic rapid passage [10–
12] and bichromatic force [13–16], have been proposed and
predicted to have a better performance but with the price of
increasing the complexity of the system. However, some fea-
tures, for example, stronger cooling forces and a weak de-
pendence on spontaneous emission [9], make them poten-
tially be applied in direct laser cooling molecules where the
cycling transition is quasi-closed [17–20]. Besides the leak-
age channels, the energy levels for molecules are complex and
type-II transitions dominate [21, 22], making the cooling pro-
cess much more complex and the Doppler cooling force much
weaker than those in atomic cases. To achieve a better cooling
efficiency, it might be worthwhile to sacrifice the simplicity of
the cooling scheme by introducing a light field with multiple
frequencies [23].
To describe the mechanism of laser cooling, an atom-light
interaction approach in either semi-classical or quantum pic-
ture can be directly applied to explain the momentum transfer
[24–26]. The strength of the radiation force depends on how
fast the momentum exchange is repeated, that is, the decay
rate from the excited state. Once successive scattering was
achieved in a closed cycling transition, the force would only
be limited by the spontaneous decay rate Γ. For a two-level
system, the maximum force Frad,max = h¯kΓ/2 with h¯k the pho-
ton momentum. The cooling velocity range and the tempera-
ture limit also depend on the decay rate Γ [24].
In order to go beyond the limit of the spontaneous emission,
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the stimulated emission has been introduced to perform laser
cooling. Recently, an adiabatic-passage cooling scheme by
rapidly sweeping the laser frequency in a sawtooth wave shape
(SWAP) has been experimentally demonstrated in narrow-
line transitions [27–29] and Raman transitions [30]. Such a
scheme uses the stimulated emission to transfer the excited
atoms back to the ground state, therefore strong forces can be
achieved with a high sweeping repetition rate even for transi-
tions with a small Γ. Let us consider a moving particle with
a velocity of v in a light field from two counter-propagating
laser beams with a time-dependent frequency ω; see Fig.1(a).
Due to the Doppler effect, resonances of the particle with the
two beams are separated in time ordering. With an increas-
ing ramp of the frequency in Fig.1(b), an adiabatic excitation
is first induced by the counter-propagating beam, followed
by another adiabatic deexcitation process triggered by the co-
propagating beam. Ideally, the particle loses twice the photon
momentum during one sweeping period, resulting in a maxi-
mum average force of Fswap = 2h¯kT−1. To guarantee the adia-
batic transfer, the Landau-Zener condition Ω2 α should be
fulfilled [31], here Ω is the on-resonance Rabi frequency and
α is the frequency ramp speed.
Now an interesting question is whether the SWAP scheme
can be extended to enhance the cooling effect for multi-level
type-II transitions and further complex molecules. The multi-
level type-II transitions generally show a weak Doppler cool-
ing force [32, 33] due to the remixing process of the dark
states via either rapidly switching the polarization of the light
[18, 34] or introducing an angled magnetic field to re-define
the quantum axis [17, 35]. Here we consider the latter case.
Distinct from the ideal two-level system where the excitation
from counter-propagating beam strictly followed by stimu-
lated deexcitation from co-propagating beam, the problem of
the multi-level systems lies in that the excitation and stimu-
lated deexcitation pairs might become out of order, that is, the
roles of the three polarization components in the two beams
get mixed even the resonant positions of two sublevels are sep-
arated due to the energy gap introduced by a magnetic field.
This will necessarily degrade the quality of the momentum
transfer. Diatomic molecules that can be directly laser cooled
generally have a 4+12 level structure, as illustrated in Fig.1(c)
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2FIG. 1. (Color online) (a) Laser cooling scheme with sawtooth wave adiabatic passage. The two counter-propagating laser beams with
a time-dependent frequency of ω interact with a moving particle with a velocity of v. (b) The laser frequency ω linearly ramps in one
sweeping period T . Due to Doppler effect, the two beams become resonant with the moving particle at different times indicated by the
green (counter-propagating) and blue (co-propagating) dashed lines. The gray dashed line labels the center frequency ω0 of the sweeping.
(c) Cycling transition for typically laser-coolable diatomic molecules under a weak magnetic field, only rotational, hyperfine and Zeeman
branches are shown. The energy gap between the two dashed lines indicates the center frequency ω0 of the chirped laser beams, and ∆ is the
energy shift of the center frequency corresponding to the resonant condition (ω0,∆ = 0) defined by the energy gap between the zero position
of the four ground hyperfine states in (d) and the upper F ′ = 1 state. (d) Energy splittings of the |X ,N = 1,−〉 ground state of the BaF
molecule under external magnetic field. The hyperfine states are labelled with |S,mS;N,mN ; I,mI〉. mI = +1/2 and mI = −1/2 are plotted
with dashed and solid lines respectively, while different values of mS and mN are shown in four different colors: mS =−1/2, mN =−1 (green),
mS =−1/2, mN = 0 (orange, lower), mS =−1/2, mN =+1 (blue, lower) and mS =+1/2, mN =+1 (red), mS =+1/2, mN = 0 (blue, upper),
mS =+1/2, mN =−1 (orange, upper). The lower four states belong to J = 1/2 branch while others are in J = 3/2 branch.
[under weak magnetic field]. It makes the momentum transfer
much more complex. In this work, we apply a time-dependent
master equation approach to describe the interaction between
a multi-level system and a frequency chirped light field in
Sec.II, and then we investigate the SWAP cooling effect for
type-II transitions and diatomic molecules under both weak
and strong magnetic field regimes in Sec.III and Sec.IV. Fi-
nally, in Sec.V, we consider a three-level leakage system to
check the resistance of the SWAP scheme on the unwanted
loss channels.
II. TIME-DEPENDENT MASTER EQUATION APPROACH
Without loss of generality, we consider the interaction be-
tween a multi-level particle and a multi-frequency laser field.
An arbitrary multi-frequency light field can be decomposed as
~E =∑
p,q
1
2
EpMpqεˆqei
~kp·~re−iωpt + c.c., (1)
where p is the laser beam index with frequency ωp and wave
vector (propagating direction)~kp, and the amplitude of the p-
th beam is Ep. q = 0,±1 correspond to pi , σ± polarizations
components respectively in each laser beam. The polarization
vectors under the Cartesian coordinate axis are: εˆ0 = eˆz, εˆ± =
∓(eˆx± ieˆy)/
√
2. Mpq gives the fraction for each polarization
component in the p-th beam.
Using Eq.(1), the Hamiltonian under interaction picture
reads as
H =
h¯
2∑i, j∑q
Ω(q)i j | j〉〈i|+h.c., (2)
with |i〉 and | j〉 indicate sublevels in the ground and excited
states respectively, and
Ω(q)i j =∑
p
ei~kp·~re−i∆
i j
pq(t)tMpqA
(q)
i j Ωp. (3)
Here Ωp is the total on-resonance Rabi frequency of the p-th
beam. The detuning ∆i jpq(t) = ωp(t)−ωi j+δi j(B) with ωp(t)
in a sawtooth shape shown in Fig.1(b), and ωi j is the resonant
frequency for the |i〉 → | j〉 transition, δi j(B) = δi(B)− δ j(B)
where δi( j)(B) is the energy shift of the sublevel |i〉(| j〉) un-
der a magnetic field strength of B [see Fig.1(d)]. A(q)i j are the
matrix elements for all electric dipole allowed transitions. For
BaF molecule, under a weak magnetic field, B < 10 G, F is
a good quantum number, the derivations in Ref.[20] can be
directly applied. However, in strong magnetic field regime,
for example, B = 100 G, the selection rules change. We la-
bel the sublevels in ground X state in fully decoupled basis
|S,mS;N,mN ; I,mI〉 while for those in excited state we use
|J,mJ ; I,mI〉. The derivations and values of A are summarized
in appendix A.
The force from the interactions with the light field can be
yeilded as a gradient of the total energy of the system, that is,
Fˆ =−∇H =−h¯∑
i, j
∑
q
(∇Ω(q)i j )| j〉〈i|+h.c., (4)
3then the expectation value of the force for a system repre-
sented by a density matrix ρ is 〈F〉 = Tr(ρFˆ). The time
evolution of the density matrix ρ is determined by the mas-
ter equation
∂ρ
∂ t
=
1
ih¯
[H(t),ρ]+
1
2∑i j
(2Ci jρC†i j−C†i jCi jρ−ρC†i jCi j), (5)
with the collapse operator Ci j = ∑qA
q
i j
√
Γ|i〉〈 j|. We calcu-
late the forces in one period when the density matrix reaches
quasi-steady.
For laser cooling with the type-II transitions and molecules,
an angled magnetic field B should be introduced to elimilate
the dark states. The direction of the magnetic field redefines
the local quantum axis, and we assume the field on the co-
ordinate yz plane with an angle of θ to the z axis. The new
fraction vector for the three polarizations in each laser beam
can be transformed from the old one, i.e., M′+1M′0
M′−1
= 1
2
 1+ cosθ √2sinθ 1− cosθ−√2sinθ 2cosθ √2sinθ
1− cosθ −√2sinθ 1+ cosθ
 M+1M0
M−1
 .
(6)
In our calculations below, we consider a light field from
two counter-propagating beams in σ+ − σ− configuration,
and the two beams have equal Rabi frequencies Ω. Under
an angled magnetic field (θ 6= 0), it contains all the three po-
larization components and thus can effectively eliminate the
dark states. We first investigate the possible type-II transi-
tions in Fig.1(c) under weak magnetic field, and then turn our
attention to strong magnetic field regime, finally to the BaF
molecule. For BaF molecule, the linewidth of the A2Π1/2
excited state is 2pi × 2.84 MHz, and the hyperfine splittings
under magnetic field are shown in Fig.1(d). We will try to
analyze the dependences of the SWAP cooling on the sweep-
ing parameters, including the repetition rate and the frequency
ramp speed, and perform a comparison with the conventional
Doppler cooling scheme.
III. SWAP COOLING FOR TYPE-II TRANSITIONS
A. Weak magnetic field regime
In the quasi-closed cycling transition for the diatomic
molecules under a weak magnetic field, as shown in Fig.1(c),
there are three different multi-level type-II transitions: (i)
F = 1→F ′= 0, (ii) F = 1→F ′= 1 and (iii) F = 2→F ′= 1.
We first focus on the case (i) and use the parameters for the
F = 1(−) → F ′ = 0 transitions in the BaF molecule. The
Landé g-factor for the ground state is gF =−0.51, and a mag-
netic field of B = 5 G (θ = pi/2) leads to a Zeeman splitting
of ∆z = 1.25Γ.
To check the effect of the magnetic field on the SWAP
cooling, we first consider a low laser intensity case, i.e., a
small Rabi frequency Ω = 10Γ. To fulfill the adiabatic con-
dition |A(q)i j Ω|2  α , we choose the frequency ramp speed
α = 2Γ2. The sweeping period T = 5Γ−1. Figure 2(a) shows
FIG. 2. (Color online) (a) A comparison of the force from the SWAP
scheme (orange solid line) and that from the conventional cooling
(green dotted dashed line). The SWAP parameters are: Ω = 10Γ,
α = 2Γ2, T = 5Γ−1 and B = 5 G (θ = pi/2). For conventional
Doppler cooling, Ω = 2Γ, ∆ = −Γ and B = 5 G (θ = pi/2). The
critical value of vc indicated by the red dashed line is obtained from
Eq.(7), and the cyan dashed line indicates the critical velocity vb de-
termined from Eq.(8). (b) The SWAP force (orange solid line) with a
large frequency ramp speed α = 50Γ2. The other parameters are:
Ω = 50Γ, T = 5Γ−1 and B = 5 G(θ = pi/2). The conventional
Doppler cooling force with the same parameters in (a) is shown in
green dotted dashed line.
a comparison between the SWAP force and the conventional
Doppler damping force. They show different features. First,
the coolable velocity region of the SWAP scheme has an up-
per limit vc. The SWAP cooling requires that the frequency
sweeping covers the resonant positions for all possible tran-
sitions [31], this critical limit vc is determined by both the
sweeping range ∆T = αT and the Zeeman shift ∆z, that is,
vc =
∆T−2∆z
2k
. (7)
Second, an enhancement of the cooling force appears in the
small velocity region. For conventional Doppler cooling
with typical parameters, as shown in Fig.2(a), the maximum
achievable cooling force approximates ∼ 0.06h¯kΓ. However,
this value under the SWAP scheme is about 10 times larger,
∼ 0.6h¯kΓ. It happens for small velocities less than a critical
value vb; see Fig.2(a). Such a strong cooling ability should re-
sort to the nontrivial Bragg oscillations that can induce more
than 2h¯k of momentum transfer during one sweeping period
for a two-level system, as discussed in Ref.[31]. Distinct from
the two-level case, in a multi-level system, the enhanced cool-
ing region is resitricted by the energy splittings between each
pair of sublevels.
To determine vb, let us analyze the different cooling mech-
anisms for large and small velocities in the SWAP scheme
for the F = 1→ F ′ = 0 transition. For a small velocity, the
Doppler shift ∆D = kv is smaller than the Zeeman shift ∆z, as
shown in Fig.3(a), the time sequence of the stimulated excita-
tion and deexcitation of the three transitions is still in order. At
time t1 in Fig.3(a), the particles in Zeeman sublevel mF =−1
get excited by the σ+ component in the counter-propagating
beam, following which the stimulated deexcitation back to
mF =−1 happens as the frequency ramps to be resonant with
the σ+ polarization component in the co-propagating beam
at time t2. This is similar to the two-level case. However,
4when t3 is close to t2 [see Fig.3(a)], the deexcitation to the
mF = 0 sublevel simultaneously happens with photons emit-
ted in the same direction of the moving velocity, leading to a
cancellation of the momentum exchange from the stimulated
excitation at time t1. Competition between the deexcitation to
mF = −1 via the co-propagating beam and the deexcitation
to mF = 0 via the counter-propagating beam certainly sup-
presses the net momentum transfer in one sweeping period.
The critical velocity vb is defined when t2 = t3. Taking both
the Doppler shift and the Zeeman shift into consideration, we
have ω0−∆z+∆D = ω0−∆D, resulting in
vb = ∆z/2k. (8)
In Fig.2(a), a rapid decrease of the SWAP cooling force for
velocities larger than vb is consistent with the above discus-
sion.
To depict a clear picture of the momentum transfer for large
velocities where ∆D  ∆z, we perform calculations with a
large frequency ramp speed α = 50Γ2, and accordingly a large
Rabi frequency of Ω = 50Γ to fulfill the adiabatic condition.
The results are shown in Fig.2(b). The cooling region in-
deed become wider up to 50Γ/k, consistent with Eq.(7). The
maximum cooling force approximates ∼ h¯kΓ due to strong
Bragg oscillation effect with a large Ω [31]. However, for
velocities larger than 5Γ/k, the cooling forces are all below
FIG. 3. (Color online) Resonant positions for each polarization com-
ponent in the two beams for the case of: (a) ∆z  ∆D and (b)
∆D  ∆z. The solid lines indicate the resonant frequencies of the
three transitions without considering the Doppler effect. The three
polarizations are depicted in different colors: σ+ in blue, pi in gray,
and σ−in green. The dashed lines (dotted dashed lines) indicate the
resonant positions of the three polarization components in the co-
propagating (counter-propagating) beam, all shift +∆D (−∆D) com-
pared to the solid lines. t1 (t2) is the time when the σ+ component
in the counter-propagating (co-propagating) beam becomes resonant
with the mF = −1→ m′F = 0 transition. In (a), t3 is the time when
the pi component in the counter-propagating beam becomes resonant
with the mF = 0→ m′F = 0 transition. The excitation and deexci-
tation processes after t1are schematically plotted below respectively.
The linestyles have the same meanings with those in upper panels.
0.2h¯kΓ, which means that the net momentum transfer is less
than h¯k during one sweeping period of T = 5Γ−1. This can be
easily understood from Fig.3(b). At time t1, the σ+ compo-
nent in the counter-propagating beam becomes on resonance
with the mF = −1→ m′F = 0 transition. Since the Doppler
shift is large, before the co-propagating beam reaches on res-
onance, the deexcitations back to the three ground sublevels
already happen as the pi and σ− components in the counter-
propagating beam first become near resonance and drive the
stimulated emission processes from m′F = 0 to mF = 0 and
mF = +1 respectively. Therefore, the exchanged momenta
from excitation and deexcitation are in opposite directions,
making the net momentum transfer smaller than h¯k. For a fi-
nite velocity v, to make the deexcitation from co-propagating
beam play a role, we roughly give a reasonable condition: the
Rabi frequency |A(q)i j Ω| > kv, which might provide a direc-
tion for slowing a multi-level particle beam with the SWAP
scheme.
From the above discussions, we conclude that, in a multi-
level transition, an excitation by the counter-propagating
beam must be strictly followed by an emission stimulated by
the co-propagating beam to ensure a considerable momentum
transfer. Anything that contributes to mix the beam roles or
simply leads to absorb and reemit photons within a single
beam will necessarily degrade the quality of the cooling pro-
cess. The angled magnetic field remixes the dark states and
effectively widen the enhanced cooling region, as the energy
splittings from the magnetic field make the three transitions
well isolated with each other. Ideally, by assuming that the
three transtions are excited and deexcited independently and
considering the branching ratios, the net momentum trans-
fer during one sweeping period should be 2h¯k, leading to the
maximum force limit of Fmax = 2h¯k/T . However, under weak
magnetic field, this limit is masked by the Bragg oscillation
effect since both occur in the small veloticy region.
Another issue that should be kept in mind is the role of the
spontaneous emission in the sweeping process. A low prob-
ability of spontaneous decay is required to realize an effec-
tive SWAP cooling, that is, the time te that the particle spends
in the excited state should be much smaller than the lifetime
Γ−1. Similar to the two-level system [31], the time te can
be estimated with the time interval between the two resonant
time points of the counter-propagating and co-propagating
beams, i.e., te ∼ 2kv/α . Then, we have another condition,
vαΓ−1/2k. This should be taken into consideration in sim-
ulations for diatomic molecules, especially those with leak-
age channels, where the spontaneous emission should be sup-
pressed as effectively as possible.
Besides the F = 1→ F ′ = 0 transition, the SWAP scheme
under weak magnetic field on other two type-II transitions
in Fig.1(c), F = 1→ F ′ = 1 and F = 2→ F ′ = 1, has also
been investigated, as shown in Fig.4. The maximum achiev-
able cooling forces for both two transitions are smaller than
0.5h¯kΓ. The enhancements are not as significant as that in
the F = 1 → F ′ = 0 transition [see Fig.2(b)] due to more
Zeeman sublevels that make the in-order excitation and de-
excitation much more fragile as more transitions are involved.
However, for large velocities, the cooling forces are still be-
5FIG. 4. (Color online) The velocity dependent SWAP forces (orange
solid lines) for two multi-level type-II transitions: (a) F = 1→F ′= 1
and (b) F = 2 → F ′ = 1. The SWAP parameters are: Ω = 50Γ,
α = 50Γ2 and T = 5Γ−1. The conventional Doppler cooling forces
(green dotted dashed lines) are also shown respectively withΩ= 2Γ,
∆ = −Γ. For both the SWAP and the Doppler cooling schemes, the
angled magnetic field is B = 5 G (θ = pi/2). The Landé g factors
used are: gF=1 =−0.51, gF=2 = 1.01 and gF ′=1 =−0.2.
low 0.2h¯kΓ, and the cooling mechanism is similar to that dis-
cussed in the F = 1→ F ′ = 0 transition. Together with the
experimetal demonstration of the SWAP cooling scheme on
the type-I F = 0→ F ′ = 1 transtion [28], the results here indi-
cate that the SWAP cooling might be applicable to molecules
under a weak magnetic field. We will discuss this in Sec.IV.
B. Strong magnetic field regime
Inspired by the suggestion in Sec.III A that larger energy
gaps between each two sublevels lead to a wider enhanced
cooling velocity range, we investigate the SWAP force on pos-
sible transitions related to the molecules under a strong mag-
netic field. If the total angular momentum F is still a good
quantum number under a large magnetic field of 100 G, then
the enhanced cooling velocity limit would be large and still
determined by Eq.(8), about ∼ 30 m/s with the parameters for
BaF. However, according to Fig.1(d), the energy shift of each
sublevel no longer linearly varies and F is not a good quantum
number yet. The selection rules also change, and the calcula-
tion on the matrix elements of the electric dipole transitions
tells us that the 4+12 level structure can be decomposed into
four 1+5 subsystems; see Appendix A. Therefore, the discus-
sions on the momentum transfer in the weak magnetic field
regime becomes invalid.
We take the 1+5 subsystem with the excited state |J =
1/2,mJ =−1/2; I = 1/2,mI =+1/2〉 as an example. Figure
5(a) shows all five possible electric dipole allowed transitions
from the ground state labelled by |mS,mN〉 with mI = +1/2
since the selection rules require ∆mI = 0. The energy gap be-
tween the highest and the lowest sublevels in the ground state
is ∼ 130Γ (B = 100 G) leads to a large frequency sweeping
range ∆T. Here we choose the sweeping speed α = 100Γ2
and the sweeping period T = 3Γ−1. To fulfill the adiabatic
condition |A(q)i j Ω|2  α , the total Rabi frequency Ω = 100Γ
is used.
The calculated SWAP force is shown in Fig.5(b). Be-
FIG. 5. (Color online) (a) The 1+5 system with the excited state
|J = 1/2,mJ =−1/2; I = 1/2,mI =+1/2〉 in the BaF molecule. All
five possible transitions from the ground state labelled by |mS,mN〉
are shown. The transition strengths, i.e., the matrix elements of A,
are from Table I. (b) The SWAP cooling force under a magnetic field
of B = 100 G (θ = pi/2). The SWAP parameters are: Ω = 100Γ,
α = 100Γ2, and T = 3Γ−1. The detuning of the center frequency
∆ = 0, i.e., the center frequency is the gap between the zero energy
point in Fig.1(d) and the excited state.
haviours similar to the weak magnetic field case are depicted,
i.e., a considerable enhancement of the cooling force in the
small velocity region and a large coolable velocity range. The
enhanced cooling velocity limit vb still depends on the energy
gaps in the ground state. When B = 100 G, the energy gap
between |mS =−1/2,mN =−1〉 and |mS =+1/2,mN =−1〉
sublevels is ∼ 80Γ and other gaps between every two neigh-
bouring sublevels are about ∼ 15Γ. Then, vb ∼ 7.5Γ/k is es-
timated from Eq.(8), in good agreement with the result shown
in Fig.5(b). For velocities larger than vb, the excitations
by the counter-propagating beam and deexcitations from the
co-propagating beam become out of order. The second dip
around ∼ 20Γ/k in Fig.5(b) might be induced by the differ-
ent transition strengths (see the values of A(q)i j ), since the net
momentum transfer depends on which deexcitation, from the
co-propagating beam or the counter-propagating beam, domi-
nates during one sweeping period.
From Table I in Appendix A, the other three 1+5 subsys-
tems have similar transition strengths to those in Fig.5(a).
Therefore, we roughly expect similar features of the SWAP
cooling forces for these 1+5 subsystems, which indicates that
SWAP cooling molecules under a large magnetic field is pos-
sible.
IV. SWAP COOLING FOR MOLECULES
The results in the multi-level type-II transitions in Sec.III
indicate that application of the SWAP scheme on molecules
might be possible. One problem in a diatomic molecule arises
from the large hyperfine splitting. For example, with no ex-
ternal magnetic field applied, the energy gap ∆hf between the
F = 1(−) state and the F = 2 state is about ∼ 56Γ for the
BaF molecule [20]. To cover all sublevels, a large frequency
sweeping range ∆T = αT , and therefore a large total Rabi fre-
quency Ω are required. Again, we first consider the case with
a weak magnetic field B= 10 G. As shown in Fig.6, even with
6Ω= 100Γ, the maximum SWAP force is about 0.1h¯kΓ, at the
same magnitude with that for the conventional Doppler cool-
ing. Nevertheless the enhancement does not appear, a wider
coolable veloticy region is still observed and the critical ve-
locity vc is determined by the sweeping range ∆T. For the
parameters used in Fig.6, vc ≈ (∆T−∆hf)/2k ∼ 50Γ/k with
∆T = 150Γ.
The behaviours of the SWAP force under a large magnetic
field are different; see Fig.6. Compared to the conventional
Doppler scheme, the maximum achievable cooling force is
4× larger, that is, ∼ 0.4h¯kΓ. The enhanced cooling velocity
limit vb which is determined by the energy gaps between ev-
ery two neighbouring sublevels, as discussed in Sec.III. From
Fig.1(d), the energy shift for each sublevel under larger mag-
netic field approximately varies in parallel with each other in
the same mS branch. When the magnetic field strengh be-
comes larger than 100 G, the energy gaps maintain around
∼ 15Γ, leading to vb ∼ 7.5Γ/k, which is consistent with the
result in Fig.6. On the other hand, the SWAP force has a weak
velocity selective character, and the cooling forces for large
velocities are similar to those with B = 10 G, approximate
∼ 0.1h¯kΓ. The coolable velocity region below vc is deter-
mined by both ∆T and B. The critical value of vc is obtained
from
2kvc+∆hf+∆s(B) = ∆T, (9)
where ∆s(B) = µBgsB/h¯ with gs ≈ 2 is the energy splitting
between the two mS =±1/2 branches with the magnetic field
strength in unit of G.
To systematically study the SWAP force with different pa-
rameters, we employ two variables to describe the cooling
ability. One is the maximum achievable cooling force Fmax,
and another is the average force Fave for large velocities from
30Γ/k to 50Γ/k. As illustrated in Fig.7(a), by increasing the
magnetic field strength from 60 G to 200 G, although the
enhanced cooling region does not change a lot [due to little
FIG. 6. (Color online) Comparisons of the SWAP forces to the con-
ventional Doppler cooling force. Under a weak magnetic field of
B = 10 G(θ = pi/2) (blue dashed line), the SWAP parameters are:
Ω= 100Γ, α = 50Γ2, T = 3Γ−1, ∆=+7Γ. With a strong magnetic
field of B = 200 G (orange solid line), the SWAP parameters are:
Ω = 50Γ, α = 80Γ2, T = 4Γ−1, ∆ = −25Γ. The parameters used
for conventional Doppler cooling (green dotted dashed line) are: the
Rabi frequency Ω= 5Γ, the detuning ∆=−5Γ, the angled magnetic
field B= 5 G(θ = pi/2), and a 38 MHz sideband modulation is also
applied to cover all hyperfine states for the BaF molecule.
change of the value vb], the Fmax increases significantly from
0.15h¯kΓ to 0.4h¯kΓ. We attribute such a phenonmenon to the
energy splitting between sublevels with different mJ in the ex-
cited state. To prove this assertion, we perform another series
of calculations with assumed degenerate sublevels in the ex-
cited state, and the resulting Fmax ∼ 0.17h¯kΓ is smaller and
insensitive to the value of B; see Fig.7(a). Here we roughly
give a lower limit of the magnetic field strength when the en-
ergy splitting of the excited state is at the same magnitude with
that in the ground state [labelled with ∆g], i.e., µBgeB/h¯> ∆g.
For BaF molecule, ∆g ∼ 15Γ, ge =−0.2, we have B> 150 G.
This is consistent with our calculations in Fig.7(a) as the Fmax
slowly increases after B reaches this value.
However, the magnetic field is also restricted by the fre-
quency sweeping range. For B> 200 G, a sharp decreasement
of the Fmax appears in Fig.7(a) since the frequency sweeping
range can not cover all possible transitions any more. There-
fore, the upper limit of the magnetic field is determined from
Eq.(9). This can also be easily figured out from Fig.7(b) where
the average force Fave for large velocities approaches zero for
B> 200 G. As a result, we conclude that a suitable magnetic
field is required to achieve both a considerable enhancement
of the maximum cooling force and a large coolable velocity
region.
Figure 8 shows the dependences of the Fmax and Fave on the
SWAP parameters. For a fixed frequency ramp speed α , in-
creasing the Rabi frequency Ω within the adiabatic condition
Ω2α results in approximately linear increasing of the Fmax;
see Fig.8(a). It is clear that the Fmax becomes two times larger
than that from the conventional Doppler cooling scheme when
Ω2 > 20α . Once this critical condition is fulfilled, the cooling
forces for large velocities also approach the maximum value
of the Doppler cooling force, but Fave maintains nearly a con-
stant even with a rather largeΩ. Increasing the Rabi frequency
Ω only affects the cooling forces in the velocity region below
vb = ∆g/2k. It is not likely to achieve an enhanced cooling
FIG. 7. (Color online) (a) The maximum achievable cooling force
Fmax under different magnetic field strength. The paramters used
for the SWAP scheme (orange circle) is: Ω = 50Γ, α = 80Γ2, T =
4Γ−1, ∆ = −28Γ. The red square points are calculated under the
same SWAP scheme but with assumed degenerate sublevels in the
excited state. The dotted line is a guide to eyes. (b) The average
force Fave for large velocities from 30Γ/k to 50Γ/k under different
magnetic field strength. The green dashed lines in both (a) and (b)
indicate the value of Fmax in the conventional Doppler cooling from
Fig.6.
7FIG. 8. (Color online) Dependences of the maximum achievable cooling force Fmax (orange circle) and the average force Fave (gray point)
for large velocities from 30Γ/k to 50Γ/k on the parameters of the frequency chirped cooling lasers: (a) the total Rabi frequency Ω, (b) the
frequency ramp speed α , (c) the sweeping period T and (d) the shift ∆ of the center frequency ω0. The green dashed lines indicate the value
of the maximum achievable cooling force under the Doppler cooling scheme with the same parameters in Fig.6. The orange dotted lines are
guides to eyes. The magentic field strength in the SWAP scheme is B = 100 G. The SWAP parameters used are: (a) α = 80Γ2, T = 4Γ−1,
∆=−28Γ, (b) Ω= 50Γ, T = 4Γ−1, ∆=−28Γ, (c) Ω= 50Γ, α = 80Γ2, ∆=−28Γ, (d) Ω= 50Γ, α = 80Γ2, T = 4Γ−1.
effect for large velocities by roughly increasing the laser in-
tensity, which should be kept in mind if one expects using the
SWAP force to slow a molecular beam.
In Fig.8(b), both the Fmax and Fave tend to be steady-
going when α > 50Γ2 which makes the frequency sweeping
range cover all possible transitions with the sweeping period
T = 4Γ−1 and the magnetic field strength B = 100 G. The
critical lower limit of the frequency ramp speed α can be re-
solved from Eq.(9), while the upper limit depends on the adi-
abatic condition. For a fixed α = 80Γ2 and B = 100 G, with
a longer sweeping period T , the coolable velocity region be-
comes wider according to Eq.(9). For T > 2Γ−1 in Fig.8(c),
the average SWAP force Fave for velocities from 30Γ/k to
50Γ/k changes a little since the frequency range ∆T is suf-
ficient large. However, the case is different for small veloc-
ities as an approximately linear decreasement of the maxi-
mum cooling force Fmax by increasing the sweeping period
T is shown in Fig.8(c). Since the frequency sweeping range
already covers all the transitions at the small velocity region
[v< vb] for T = 2Γ−1, the momentum transfer δ p within one
sweeping period become saturated even with lager ∆T. Con-
sequently, the forces for small velocities F = δ p/T become
smaller with a longer T . However, the period T can not be
drastically shortened, otherwise the population in excited state
can not be deexcited back to the ground state at the beginning
of each sweeping period, which makes the molecules be trans-
ferred away from zero momentum [28, 31]. .
We have also checked the dependence of the SWAP force
on the shift of the center frequency, as shown in Fig.8(d).
Within an interval from −40Γ to −10Γ, the maximum cool-
ing force slightly changes with considerable enhancement.
The forces for large velocities show a similar steady-going
behaviour. These indicate that the long-term stablization of
the cooling laser might not be strictly fulfilled for the SWAP
schem, in contrast to the conventional Doppler cooling where
the detuning should be precisely controlled at the magnitude
of ∼MHz [36].
From above discussions, we conclude that the SWAP force
is robust within a wide range of the SWAP parameters once
the adiabatic condition and Eq.(9) are fulfilled. The maxi-
mum achievable cooling force Fmax is sensitive to the energy
gap between the exicited sublevels. The SWAP force always
shows a weak velocity selective character, i.e., a rather wide
coolable velocity region up to 50Γ/k [∼ 120 m/s for the BaF
molecule] with typical SWAP parameters.
Let us consider the experimental realization of the large
Rabi frequency Ω = 50Γ and rapid sweeping with a ramp
speed of α = 80Γ2. For narrow linewidth transitions, i.e.,
Γ∼ kHz, the frequency sweeping can be easily achieved with
an acousto-optic modulator [28, 29] and the laser intensity re-
quired is not too extreme. However, once extending to tran-
sitions with Γ ∼MHz, for example, the BaF molecule being
investigated, the saturated intensity Is ∼ 0.58 mW/cm2 and
an Ω = 50Γ indicates a high laser intensity of ∼ 3 W/cm2.
On the other hand, a frequency ramp speed α = 80Γ2 corre-
sponds to ∼ 4 MHz/ns, which can be realized with an electro-
optical modulator and the injection locking technique used in
Refs.[37, 38] where a ramp speed of ∼ 100 MHz/ns was re-
ported.
V. RESISTANCE TO LEAKAGE CHANNELS
For molecules, the closed cycling transitions generally can
not be perfectly realized due to the leakage channels, such
as the higher vibrational states and the intermediate ∆ state
[20, 39]. Since the SWAP cooling scheme employs the stim-
ulated emission to transfer the excited particles back to the
ground state, the fraction of spontaneous decay gets partially
supressed. Hence, compared to the conventional Doppler
cooling, a smaller loss to the possible leakage channels might
be expected. In order to get some idea of such an effect, we
consider a simple three-level system, i.e., a two-level transi-
tion driven by the frequency-chirped cooling lasers with an
additional loss channel; see Fig.9(a). In the conventional
Doppler cooling, a loss rate γ = 0.05 allows a maximum scat-
tering photon number of γ−1 ∼ 20 before the particle popu-
lates the leakage channel. As shown in Fig.9(b), with an evo-
lution time of 50Γ/k, the loss fraction reaches∼ 0.7 after scat-
tering∼ 14 photons. However, under the SWAP scheme, with
8an equivalent evolution time, i.e., five sweeping periods, the
loss `swap is several times lower, and the increasing is nearly
linear to the number of the sweeping period before the cooling
dies.
To quantitatively evaluate the resistance of the SWAP cool-
ing to the leakage, we introduce a loss ratio defined by
R= rswap/rconv. (10)
Here rswap indicates the population loss in the SWAP cool-
ing once the moving particle changing its momentum by
−h¯k, resulting a definition as rswap = `swaph¯k/δ pswap with
δ pswap(τ) = |
∫ τ
0 〈F(t)〉dt| for an evolution time of τ . In the
conventional Doppler cooling, rconv ∼ γ . Figure 9(c) shows
the loss ratios R for two different velocities with various Ω
under the SWAP scheme. For a large velocity, for example,
v= 20Γ/k, the ratios are always larger than one, which means
that the cooling effect of the SWAP scheme is less significant
than the conventional Doppler case as less momenta (∼ 10
photons for five periods) are transferred but the loss lies in a
similar or larger level.
However, for a small velocity, v = 2Γ/k, the ratio is typi-
cally around ∼ 0.1. This indicates that the leakage along with
a decrease of the particle momentum by h¯k is one order of
FIG. 9. (Color online) The SWAP cooling effect on the leakage chan-
nels. (a) A schematic plot of a two-level system |g0〉→ |e〉 driven by
a pair of cooling laser beams (on-resonance Rabi frequency Ω) with
an additional leakage channel |g1〉. The leakage rate is γ . (b) The
population loss to |g1〉 within an evlution time of 50Γ−1. Initially,
particles all populate the |g0〉 state, and γ = 0.05. For conventional
Doppler cooling (green dashed line), Ω= 5Γ, the detuning ∆=−kv
with v the velocity of the moving particle. The loss phenonmena
under the SWAP scheme (Ω = 20Γ, α = 20Γ2, T = 10Γ−1) for a
veloticy of 2Γ/k is different and shown in orange solid line. (c)
The dependence of the loss ratio R of the SWAP cooling on the on-
resonance Rabi frequency Ω for the small (v= 2Γ/k, orange circles)
and large (v= 20Γ/k, gray squares) velocities.
magnitude smaller for the SWAP scheme than the Doppler
cooling. The reason lies in that the SWAP cooling introduces
more than 2h¯k momentum transfer during one sweeping pe-
riod due to the nontrivial Bragg oscillations. This is consis-
tent with the effective condition |kv|  Ω where the Bragg
oscillations work [31]. Meanwhile, with a better fulfillment
of the adiabatic condition Ω2 α by increasing Ω, the ratio
R decreases, as shown Fig.9(c). By recalling the discussion
in Sec.III A, the condition v αΓ−1/2k should be fulfilled to
depress the spontaneous decay and consequently achieve an
effective SWAP cooling. We claim here that, compared to the
conventional Doppler cooling, a better resistance to the leak-
age channels in the SWAP cooling occurs in the small velocity
region, i.e., vΩ/k and v αΓ/2k. This makes the SWAP
cooling well-suited for particles with leakage channels.
VI. CONCLUSION
In summary, we have analyzed the feasibility of applying
the SWAP cooling scheme for the multi-level type-II tran-
sitions and further much more complex diatomic molecules.
The angled magnetic field can not only remix the Zeeman dark
states in the type-II transitions, but also introduce an enhance-
ment to the SWAP cooling force at the small veloticy region.
When the energy splittings between each two neighbouring
sublevels from the magnetic field is larger than the Doppler
shift, the multi-level system can be decomposed into several
two-level sub-systems in time ordering. Ideally, a momentum
transfer of twice the photon momentum during one sweeping
period is allowed and results in an enhanced cooling force ap-
pears for velocities below vb.
Although the time order of the stimulated excitations and
deexcitations in the SWAP scheme for the diatomic molecules
can not be perfectly guaranteed even with a large magnetic
field of B > 100 G, we still observe a ∼ 4× enhancement
of the maximum achievable cooling force in the small ve-
locity region. The cooling forces for a velocities larger than
∼ 100 m/s are still at the same magnitude with the maximum
Doppler cooling force. Different from the conventional cool-
ing scheme, the SWAP scheme does not require a sideband
modulation, and is less sensitive to the long-term stablization
of the laser frequency. Such properties indicate a better ex-
perimental realization, and the applications in laser slowing
of a molecular beam might be possible as well. Finally, we
have checked the resistance of the SWAP cooling to the leak-
age channels, opening the door of laser cooling an ordinary
molecule that lacks a closed-cycling transition.
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9TABLE I. Calculated matrix elements for electric dipole transitions
from |X ,N = 1,−〉 state to |A,J′ = 1/2,+〉 state under a large mag-
ntic field.
m′J =−1/2 −1/2 +1/2 +1/2
mS mN mI m′I =+1/2 −1/2 −1/2 +1/2
−1/2 +1 +1/2 0.6084 0 0 0.1925
+1 −1/2 0 0.6084 0.1925 0
0 +1/2 -0.5443 0 0 -0.1925
0 −1/2 0 -0.5443 -0.1925 0
−1 +1/2 0.4082 0 0 0
−1 −1/2 0 0.4082 0 0
+1/2 −1 −1/2 0 0.1925 0.6084 0
−1 +1/2 0.1925 0 0 0.6084
0 −1/2 0 -0.1925 -0.5443 0
0 +1/2 -0.1925 0 0 -0.5443
+1 −1/2 0 0 0.4082 0
+1 +1/2 0 0 0 0.4082
and the Fundamental Research Funds for the Central Univer-
sities.
Appendix A: Derivation of the matrix elements of the electric
dipole transitions under large magnetic field
Following the labels used in Ref.[20] and Eq.(6.149) in
Ref.[40], the ground state in fully decoupled form can be writ-
ten as
|g〉= |Λ;S,mS;N,mN ; I,mI〉
= ∑
J,mJ
∑
Σ
(−1)S−N+mJ+J+Ω
√
(2J+1)(2N+1)
×
(
N S J
mN mS −mJ
)(
N S J
Λ Σ −Ω
)
×|Λ;S,Σ;J,Ω,mJ〉|I,mI〉, (A1)
while the excited state is
|e〉= ||Λ′|;J′,m′J ; I′,m′I ;+〉
=
1√
2
(|Λ′;S′,Σ′;J′,Ω′,m′J〉+(−1)J
′−S′
×|−Λ′;S′,−Σ′;J′,−Ω′,m′J〉)|I′,m′I〉. (A2)
Then, the matrix element for electric dipole transition from
|g〉 to |e〉 is
〈d〉= 〈e|T 1p (dˆ)|g〉
=
1√
2
δI,I′δmI ,m′I ∑
J,mJ
∑
Σ
(−1)S−N+mJ+J+Ω
×
√
(2J+1)(2N+1)
(
N S J
mN mS −mJ
)(
N S J
Λ Σ −Ω
)
× (〈Λ′;S′,Σ′;J′,Ω′,m′J |T 1p (dˆ)|Λ;S,Σ;J,Ω,mJ〉+
〈−Λ′;S′,−Σ′;J′,−Ω′,m′J |T 1p (dˆ)|Λ;S,Σ;J,Ω,mJ〉).
(A3)
By applying Wigner-Eckart theorem, the internal term
〈Λ′;S′,Σ′;J′,Ω′,m′J |T 1p (dˆ)|Λ;S,Σ;J,Ω,mJ〉
= δΣ,Σ′∑
q
(−1)m′J−Ω′
√
(2J′+1)(2J+1)
×
(
J′ 1 J
−m′J p mJ
)(
J′ 1 J
−Ω′ q Ω
)
〈Λ′|T 1q (dˆ)|Λ〉.
(A4)
Since matrix element 〈Λ′|T 1q (dˆ)|Λ〉 is common for all ∆Λ =
±1 transitions, we obtain from Eq.(A3) all possible hyper-
fine transition strength, i.e., values of A in Eq.(3), in |X ,N =
1,−〉→ |A,J = 1/2,+〉 transtions under large magnetic field,
as listed in Table I.
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